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GENUS OF VERTEX ALGEBRAS AND MASS FORMULA
YUTO MORIWAKI
Abstract. We introduce the notion of a genus and its mass for vertex algebras. For lattice
vertex algebras, their genera are the same as those of lattices, which plays an important
role in the classification of lattices. We derive a formula relating the mass for vertex
algebras to that for lattices, and then give a new characterization of some holomorphic
vertex operator algebras.
Introduction
Vertex operator algebra (VOA) is an algebraic structure that plays an important role
in two-dimensional conformal field theory. The classification of conformal field theories
is an extremely interesting problem, of importance in mathematics, statistical mechanics,
and string theory; Mathematically, it is related to the classification of vertex operator
algebras, which is a main theme of this work. An important class of vertex operator
algebras can be constructed from positive-definite even integral lattices, called lattice
vertex algebras [Bo1, LL, FLM]. In this paper, we propose a new method to construct
and classify vertex algebras by using a method developed in a study of lattices.
A lattice is a finite rank free abelian group equipped with a Z-valued symmetric bilinear
form. Two such lattices are equivalent (or in the same genus) if they are isomorphic over
the ring of p-adic integers Zp for each prime p and also equivalent over the real number
field R. Lattices in the same genus are not always isomorphic over Z. For example,
there are two non-isomorphic rank 16 positive-definite even unimodular lattices D+
16
and
E8 ⊕ E8 which are in the same genus. A mass of the genus of a lattice L is defined by
mass(L) =
∑
M 1/|AutM|, where the sum is over all isomorphism classes of lattices in the
genus. The mass can be calculated by the Smith-Minkowski-Siegel mass formula (see for
example [CS, Ki]). The concept of genera of lattices and the mass formula are important
for the classification of lattices. In fact, rank 24 positive-definite even unimodular lattices,
called Niemeier lattices, could be classified by using the mass formula.
The following result is important to define the notion of genus of vertex algebras; Two
integral lattices L1 and L2 are in the same genus if and only if L1 ⊕ II1,1 and L2 ⊕ II1,1 are
isomorphic, where II1,1 is the unique even unimodular lattice of signature (1, 1) ([CS]).
Motivated by this fact, we would like to define that two vertex algebras V1 and V2 are
in the same genus if V1 ⊗ VII1,1 and V2 ⊗ VII1,1 are isomorphic. Little is known about
a structure of V ⊗ VII1,1 , more generally, Z-graded vertex algebra whose homogeneous
subspaces are infinite dimensional. We overcome this difficulty by using a Heisenberg
vertex subalgebra as an additional structure. To be more precise, we consider a pair of
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a vertex algebra V and its Heisenberg vertex subalgebra H, called a VH pair (V,H), and
define a genus and a mass of VH pairs, and prove a formula relating the mass of VH
pairs and that of lattices, which we call here a mass formula for vertex algebras (Theorem
4.2). The important point to note here is that if VH pairs (V,HV) and (W,HW) are in the
same genus, then the module categories V-mod andW-mod are equivalent (Theorem 4.1).
Hence, if V has a good representation theory (e.g., completely reducible), thenW also has
a good representation theory. This result suggests that the genus of VH pairs can be used
to construct good vertex algebras from a good vertex algebra.
The tensor product functor −⊗VII1,1 is first considered by R. Borcherds and is an impor-
tant step in his proof of the moonshine conjecture (see [Bo2]). It is also used by G. Ho¨hn
and N. Scheithauer in their constructions of holomorphic VOAs [HS1]. In the process of
the constructions, they show that some non-isomorphic 17 holomorphic VOAs of central
charge 24 are isomorphic to each other after taking the tensor product − ⊗ VII1,1 , that is,
in the same genus in our sense [HS1]. They also study other examples of holomorphic
VOAs with non-trivial genus (see [Ho2], [HS2]), which motivates us to define the genus.
We remark that G. Ho¨hn gives another definition of a genus of vertex operator algebras
based on the representation theory of VOAs (more precisely, modular tensor category)
[Ho1]. All holomorphic VOAs of central charge 24 are in the same genus in their defini-
tion, whereas they are not so in our sense. As suggested by the equivalence of categories
in the same genus (Theorem 4.1), we believe that if VOAs are in the same genus in our
sense, then they are in the same genus in the sense of [Ho1].
Organization of the paper Let us explain our basic idea and the contents of this pa-
per. It is worth pointing out that the construction of lattice vertex algebras from even
lattices, L 7→ VL, is not a functor from the category of lattices to the category of ver-
tex algebras (see Remark 2.2). We focus on a twisted group algebra C{L} considered
in [FLM] which plays an important role in the construction of lattice vertex algebras.
In Section 2, we generalize the twisted group algebra and introduce the notion of an
AH pair (A,H), which is a pair of an associative algebra A satisfying some properties
and a finite dimensional vector space H equipped with a bilinear form (see Section 2.2).
Then, we construct a functor from the category of AH pairs to the category of VH pairs,
V : AH pair → VH pair, (A,H) 7→ (VA,H,H). In the special case where an AH pair is the
twisted group algebra (C{L},C ⊗Z L) constructed from an even lattice L, its image by this
functor coincides with the lattice vertex algebra VL. We call a class of AH pairs which
axiomatizes twisted group algebras a lattice pair, and the vertex algebra associated with
a lattice pair a generalized lattice vertex algebra. Lattice pairs are classified by using a
cohomology of an abelian group.
In Section 3, we construct an adjoint functor of V, denoted by Ω : VH pair →
AH pair, (V,H) 7→ (ΩV,H,H) and, in particular, construct an associative algebra from
a vertex algebra (Theorem 3.1). In the case that a VH pair (V,H) is a simple as a vertex
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algebra, the structure of the AH pair (ΩV,H,H) is studied by using the results in the pre-
vious section. We prove that there exists a maximal generalized lattice vertex subalgebra
(Theorem 3.2), which implies we can classify generalized lattice vertex subalgebras in a
VH pair (V,H). This algebra is described by a lattice LV,H ⊂ H, called a maximal lattice
of the good VH pair (V,H).
In Section 4, we define the notion of a genus of VH pairs. We remark that the category
of VH pairs (resp. AH pairs) naturally admits a monoidal category structure and any
lattice vertex algebra is naturally a VH pair. Two VH pairs (V,HV) and (W,HW) are said
to be in the same genus if VH pairs (V ⊗ VII1,1 ,HV ⊕ HII1,1) and (W ⊗ VII1,1 ,HW ⊕ HII1,1)
are isomorphic as a VH pair. Roughly speaking, classifying VH pairs in the genus of
(V,HV) is equivalent to classify subalgebras in V ⊗ VII1,1 which is isomorphic to VII1,1 and
compatible with the VH pair structure; We prove that such subalgebras are completely
described by the maximal lattice LV⊗VII1,1 ⊂ HV ⊕ HII1,1 . In this way the classification of a
genus of VH pairs is reduced to the study of maximal lattices. For a VH pair (V,HV), a
subgroup of the automorphism group of the lattice,GV,HV ⊂ Aut LV,HV , is defined from the
automorphism group of a vertex algebra. The difference between a genus of lattices and
a genus of VH pairs is measured by this subgroup GV,HV . The mass of the VH pairs in the
genus which contains (V,HV) is defined by mass(V,HV) =
∑
(W,HW )
1
|GW,HW |
, where the sum
is over all the VH pairs (W,HW) in the genus, which is finite if LV,HV is positive-definite
and the index of groups [Aut LV,HV ⊕ II1,1 : GV⊗VII1,1 ,Hv⊕HII1,1 ] is finite. In this case, we
prove that the ratio of the masses mass(V,HV)/mass(LV,HV ) is equal to the index of groups
[Aut LV,HV ⊕ II1,1 : GV⊗VII1,1 ,Hv⊕HII1,1 ] (Theorem 4.2).
In the final section, a conformal vertex algebra (V, ω) with a Heisenberg vertex subal-
gebra H is studied. This algebra is graded by the action of the Virasoro algebra and the
Heisenberg Lie algebra, V =
⊕
α∈H,n∈Z V
α
n . We assume here technical conditions, e.g.,
Vαn = 0 if n <
(α,α)
2
(see Definition 1), which are satisfied in interesting cases, e.g., ex-
tensions of a rational affine vertex algebras. Those conformal vertex algebras are closed
under the tensor product, which means that it is possible to study their genus. The main
results of this section is (Theorem 5.3, Theorem 5.4)
(1) dimVαn = 0, 1 if n ≥ (α,α)2 > n − 1;
(2) The maximal lattice LV,H is equal to {α ∈ H | Vα(α,α)
2
, 0};
(3) If Vα
1
, 0 for (α, α) > 0, then Vα
1
and V−α
1
generate the simple affine vertex algebra
Lsl2(k, 0) with k =
2
(α,α)
∈ Z>0.
The results suggest that a vector in Vαn with n ≥ (α,α)2 > n − 1 has interesting structure,
which is beyond the scope of this paper. As an application, we study the genus of some
holomorphic VOAs. A holomorphic VOA (or more generally a holomorphic conformal
vertex algebra) is a VOA such that any module is completely reducible and it has a unique
irreducible module. The holomorphic VOA Vhol
E8,2B8,1
constructed in [LS1] is uniquely char-
acterized as a holomorphic VOA of central charge 24 whose Lie algebra, the degree one
subspace of the VOA, is the semisimple Lie algebra gE8 ⊕ gB8 [LS2]. Let H be a Cartan
4 YUTO MORIWAKI
subalgebra of the degree one subspace. Then, the maximal lattice LVhol
E8,2B8,1
,H is
√
2E8⊕D8,
and we determine the genus of this VOA, which gives another proof of the above men-
tioned result of [HS1]. Furthermore, by using the characterization, we prove that if a
holomorphic conformal vertex algebra of central charge 26 satisfies our condition and its
maximal lattice is
√
2E8 ⊕ D8 ⊕ II1,1, then it is isomorphic to VholE8,2B8,1 ⊗ VII1,1 (Theorem
5.8).
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1. Preliminaries
We denote the sets of all integers, positive integers, real numbers and complex numbers
by Z, Z>0, R and C respectively. This section provides definitions and notations we need
for what follows. Most of the contents in subsection 1.1 and 1.2 are taken from the
literatures [Bo2, LL, Li1, FHL, FLM, CS]. Throughout this paper, we will work over the
field C of complex numbers.
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1.1. Vertex algebras and their modules. Following [Bo2], a vertex algebra is a C-
vector space V equipped with a linear map
Y(−, z) : V → End(V)[[z±]], a 7→ Y(a, z) =
∑
n∈Z
a(n)z−n−1
and an element 1 ∈ V satisfying the following axioms:
V1) For any a, b ∈ V , there exists N ∈ Z such that a(n)b = 0 for any n ≥ N;
V2) For any a ∈ V ,
a(n)1 =
0, (n ≥ 0),a, (n = −1),
holds;
V3) Borcherds identity: For any a, b ∈ V and p, q, r ∈ Z,
∞∑
i=0
(
p
i
)
(a(r + i)b)(p + q − i) =
∞∑
i=0
(−1)i
(
r
i
)(
a(p + r − i)b(q + i)− (−1)rb(q + r − i)a(p + i)
)
holds.
For a, b ∈ V , a(n)b is called the n-th product of a and b. Let TV (or simply T ) denote
the endomorphism of V defined by TVa = a(−2)1 for a ∈ V .
The following properties follow directly from the axioms of a vertex algebra (see for
example [LL]):
(1) Y(1, z) = idV ;
(2) For any a, b ∈ V and n ∈ Z, T1 = 0 and
(Ta)(n) = −na(n − 1),
T (a(n)b) = (Ta)(n)b + a(n)Tb;
(3) Skew-symmetry: For any a, b ∈ V and n ∈ Z,
a(n)b =
∑
i≥0
(−1)n+1+iT
i
i!
(b(n + i)a);
(4) Associativity: For any a, b ∈ V and n,m ∈ Z,
(a(n)b)(m) =
∑
i≥0
(
n
i
)
(−1)i(a(n − i)b(m + i) − (−1)nb(n + m − i)a(i));
(5) Commutativity: For any a, b ∈ V and n,m ∈ Z,
[a(n), b(m)] =
∑
i≥0
(
n
i
)
(a(i)b)(n + m − i).
We denote by V-mod the category of V-modules.
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1.2. Lattice. A lattice of rank n ∈ N is a rank n free abelian group L equipped with a
Q-valued symmetric bilinear form
( , ) : L × L → Q.
A lattice L is said to be even if
(α, α) ∈ 2Z for any α ∈ L,
integral if
(α, β) ∈ Z for any α, β ∈ L,
and positive-definite if
(α, α) > 0 for any α ∈ L \ {0}.
For an integral lattice L and a unital commutative ring R, we extend the bilinear form ( , )
bilinearly to L ⊗Z R and L is said to be non-degenerate if the bilinear form on L ⊗Z C is
non-degenerate. The dual of L is the set
L∨ = {α ∈ L ⊗Z C | (α, L) ⊂ Z}.
The lattice L is said to be unimodular if L  L∨ as a lattice.
Two integral lattices L and M are said to be equivalent or in the same genus if their base
changes are isomorphic as lattices:
L ⊗Z R ≃ M ⊗Z R, L ⊗Z Zp ≃ M ⊗Z Zp,
for all the prime integers p, where Zp is the ring of p-adic integers. Denote by genus(L)
the genus of lattices which contains L. If L is positive-definite, then a mass of its genus
mass(L) ∈ Q is defined by
mass(L) =
∑
L′∈genus(L)
1
|Aut L′| ,(1)
where Aut L is the automorphism group of L. The Smith-Minkowski-Siegel’s mass for-
mula is a formula which computes mass(L) (see [CS, Ki]). Lattices over R are completely
determined by the signature. Similarly, lattices over Zp are determined by some invariant,
called p-adic signatures (If p = 2, we have to consider another invariant, called oddity).
Conventionally, a genus of lattices is denoted by using those invariants, e.g., the genus of√
2E8D8 is denoted by II16,0(2
+10
II
) (see [CS] for the precise definition).
2. AH pairs and vertex algebras
In this section, we generalize the famous construction of vertex algebras from even
lattices.
In Sections 2.1, we recall some fundamental results of a cohomology of an abelian
group. Much of the material in this subsection is based on [FLM, Chapter 5]. We focus
on a (twisted) group algebras considered in [FLM] and generalize their result. In Section
2.2, we introduce the concept of AH pairs which generalizes twisted group algebra, while
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in Section 2.3, we construct a vertex algebra associated with an AH pair generalizing the
construction of lattice vertex algebras.
2.1. Twisted group algebras. Let A be an abelian group. A (normalized) 2-cocycle of
A with coefficients in C× is a map f : A × A → C× such that:
(1) f (0, a) = f (a, 0) = 1
(2) f (a, b) f (a + b, c) = f (a, b + c) f (b, c).
We denote by Z2(A,C×) the set of the 2-cocyles of A with coefficients in C×. For a map
h : A → C×, the map
dh : A × A → C×, (a, b) 7→ h(a + b)h(a)−1h(b)−1
is a 2-cocycle, called a coboundary. The subset of Z2(A,C×) consisted of coboundaries is
denoted by B2(A,C×), which is a subgroup of Z2(A,C×). SetH2(A,C×) = Z2(A,C×)/B2(A,C×).
An alternative bilinear form on an abelian group A is a map c : A × A → C× such that:
(1) c(0, a) = c(a, 0) = 1 for any a ∈ A;
(2) c(a + b, c) = c(a, c)c(b, c) for any a, b, c ∈ A;
(3) c(a, a) = 1 for any a ∈ A.
The set of alternative bilinear forms on A is denoted by Alt2(A). For a 2-cocycle f ∈
Z2(A,C×), define the map c f : A × A → C× by setting c f (a, b) = f (a, b) f (b, a)−1. It
is easy to prove that the map c f is an alternative bilinear form on A, which is called a
commutator map [FLM]. Hence, we have a map Z2(A,C×) → Alt2(A), which induces
c : H2(A,C×) → Alt2(A).
Lemma 2.1. The map c : H2(A,C×) → Alt2(A) is injective.
Proof. For any 2-cocycle f ∈ Z2(A,C×), there exists a central extension of A by C×,
1 → C× → A˜ → A → 1
and f is a coboundary if and only if the extension splits (see [FLM]). If c f = 1, that is,
f (a, b) = f (b, a), then A˜ is an abelian group and the above sequence is an exact sequence
in the category of abelian groups. Since C× is injective, the exact sequence splits. 
According to [FLM], we have the following:
Proposition 2.1 ([FLM, Proposition 5.2.3]). If A is a free abelian group of finite rank,
then the map c : H2(A,C×) → Alt2(A) is an isomorphism.
A twisted group algebra of an abelian group A is an A-graded unital associative C-
algebra R =
⊕
a∈A Ra satisfying the following conditions:
(1) 1 ∈ R0;
(2) dimC Ra = 1;
(3) eaeb , 0 for any ea ∈ Ra \ {0} and eb ∈ Rb \ {0}.
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Twisted group algebras R, S of A are isomorphic if there is a C-algebra isomorphism
h : R → S which preserves the A-grading, that is, h(Ra) = S a for any a ∈ A.
Let R be a twisted group algebra of A. Let us choose a nonzero element ea of Ra
for all a ∈ A. Then, define the map f : A × A → C× by eaeb = f (a, b)ea+b. Clearly,
the cohomology class f ∈ H2(A,C×) is independent of the choice of {ea ∈ Ra}a∈A, fur-
thermore, the isomorphism class of the twisted group algebra R. The alternative bilinear
form c f ∈ Alt2(A) is called an associated commutator map of the twisted group algebra,
denoted by cR. Hence, we have:
Lemma 2.2. There exists a bijection between the isomorphism classes of twisted group
algebras of an abelian group A and H2(A,C×).
Let L be an even lattice. Define the alternative bilinear form on L by cL(α, β) = (−1)(α,β)
for α, β ∈ L. By Proposition 2.1, there exists a 2-cocycle f ∈ Z2(L,C×) such that the
associated commutator map c f is coincides with cL. The correspondent twisted group
algebra is denoted by C{L}, which plays an important role in the construction of a lattice
vertex algebra.
Hereafter, we generalize this construction to some abelian group L, called even H- lat-
tice, which is not always free. Let H be a finite-dimensional vector space over C equipped
with a non-degenerate symmetric bilinear form (−,−). A even H-lattice is a subgroup
L ⊂ H such that (α, β) ∈ Z and (α, α) ∈ 2Z for any α, β ∈ L, denoted by (L,H). Define an
alternative bilinear form on L by
cL(α, β) = (−1)(α,β)
for α, β ∈ L.
Let (L,H) be an even H-lattice. Since the abelian group L is not always free, we cannot
directly apply Proposition 2.1 to the alternative bilinear form cL. We can, however, prove
that there exists a 2-cocycle fL ∈ Z2(L,C×) such that the associated alternative bilinear
form c fL coincides with cL.
Let E be the C-vector subspace of H spanned by L. Set E⊥ = {v ∈ E | (v, E) = 0}.
Let π : E → E/E⊥ be the canonical projection and L¯ the image of L under π. Then, the
bilinear form on H induces a bilinear form on E/E⊥ and L¯. Since L¯ is an even E/E⊥-
lattice and spans E/E⊥, L¯ is a free abelian group of rank dimC E/E⊥. By Proposition 2.1,
there exits a 2-cocycle g : L¯×L¯ → C× such that g(a¯, b¯)g(b¯, a¯)−1 = (−1)(a¯,b¯) for any a¯, b¯ ∈ L¯.
Then, the 2-cocycle fL defined by fL(a, b) = g(π(a), π(b)) for a, b ∈ L satisfies c fL = cL.
The twisted group algebra constructed by the 2-cocycle fL ∈ Z2(L,C×) is denoted by AL,H,
which is independent of the choice of the 2-cocycle fL ∈ Z2(L,C×). Hence, we have:
Proposition 2.2. For even H-lattice (L,H), there exits a unique twisted group algebra
AL,H such that the associated commutator map is cL.
Remark 2.1. By the construction, if L is non-degenerate, then AL,H is isomorphic to the
twisted group algebra C{L}.
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2.2. AH pairs. Let H be a finite-dimensional vector space over C equipped with a non-
degenerate symmetric bilinear form (−,−) and A a unital associative algebra over C with
the unity 1. Assume that A is graded by H as A =
⊕
α∈H A
α.
We will say that such a pair (A,H) is an AH pair if the following conditions are satisfied:
AH1) 1 ∈ A0 and AαAβ ⊂ Aα+β for any α, β ∈ H ;
AH2) AαAβ , 0 implies (α, β) ∈ Z;
AH3) For v ∈ Aα,w ∈ Aβ, vw = (−1)(α,β)wv.
For AH pairs (A,HA) and (B,HB), a homomorphism of AH pairs is a pair ( f , f
′) of
maps f : A −→ B and f ′ : HA −→ HB such that f is an algebra homomorphism and f ′ an
isometry such that f (Aα) ⊂ B f ′(α) for all α ∈ HA. We denote by AH pair the category of
AH pairs. For an AH pair (A,H), we set
MA,H = {α ∈ H | Aα , 0}.
A good AH pair is an AH pair (A,H) such that:
GAH1) A0 = C1;
GAH2) vw , 0 for any α, β ∈ MA,H, v ∈ Aα \ {0} and w ∈ Aβ \ {0}.
Since any torsion-free abelian group admits a linear order, we have:
Proposition 2.3. For a good AH pair (A,H), 0 is the only zero divisor in A.
Let (A,H) be a good AH pair. For α, β ∈ MA,H, by Definition (AH2) and (AH3),
(GAH), (α, β) ∈ Z, (α, α) ∈ 2Z and α + β ∈ MA,H. Hence, MA,H is a submonoid of H.
A lattice pair is a good AH pair (A,H) such that:
LP) MA,H is a abelian group, that is, −α ∈ MA,H for any α ∈ MA,H.
Lemma 2.3. If (A,H) is a lattice pair, then A is a twisted group algebra of the abelian
group MA,H whose commutator map is defined by MA,H × MA,H → C×, (α, β) 7→ (−1)(α,β).
Proof. It suffices to show that dimAα = 1 for any α ∈ MA,H. Let α ∈ MA,H. By (LP),
A−α , 0. Let a, a′ be non-zero vectors in Aα and b a non-zero vector in A−α. By Definition
(GAH1) and (GAH2), ab ∈ A0 = C1 is non zero. We may assume that ab = 1. Then,
a′ = (a · b) · a′ = a · (b · a′) ∈ Ca. Hence, Aα = Ca. 
By Lemma 2.1 and Lemma 2.2, Proposition 2.2, Lemma 2.3, we have the following
classification result of lattice pairs:
Proposition 2.4. For any even H-lattice (L,H), there exists a unique lattice pair (AL,H,H)
such that MAL,H ,H = L. Furthermore, Lattice pairs (A,H) and (A
′,H′) is isomorphic iff
there exists an isometry f : H → H′ such that f (MA,H) = MA′,H′ .
We end this subsection by defining a maximal lattice pair of a good AH pair. Let (A,H)
be a good AH-pair. For a submonoid N ⊂ MA,H, set AN =
⊕
α∈N A
α. Then, we have:
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Lemma 2.4. For a submonoid N ⊂ MA,H, (AN ,H) is a subalgebra of (A,H) as an AH
pair.
Set
LA,H = {α ∈ H | Aα, A−α , 0} = MA,H ∩ (−MA,H).(2)
We denote ALA,H by A
lat. Then, (Alat,H) is a lattice pair, which is maximal in the following
sense:
Proposition 2.5. Let (B,HB), (A,HA) be good AH pairs and ( f , f
′) : (B,HB) → (A,HA)
an AH pair homomorphism. If (B,HB) is a lattice pair, then f is injective and f (B) ⊂
Alat. In particular, there is a natural bijection between Hom AH pair((B,HB), (A,HA)) and
Hom AH pair((B,HB), (A
lat,HA)).
Proof. Since f is an AH pair homomorphism, ker f is an HB-graded ideal. According to
the proof of Lemma 2.3, every nonzero element in Bα is invertible for any α ∈ MB,HB.
Hence, ker f = 0. For α ∈ MB,H, we have 0 , f (Bα) ⊂ A f ′(α) and 0 , f (B−α) ⊂ A− f ′(α).
Thus, f ′(α) ∈ LA,HA and f (B) ⊂ Alat. 
2.3. FunctorV. Let H be a vector subspace of a vertex algebra V . We will say that H is
a Heisenberg subspace of V if the following conditions are satisfied:
HS1) h(1)h′ ∈ C1 for any h, h′ ∈ H;
HS2) h(n)h′ = 0 if n ≥ 2 for any h, h′ ∈ H;
HS3) The bilinear form (−,−) on H defined by h(1)h′ = (h, h′)1 for h, h′ ∈ H is non-
degenerate.
We will call such a pair (V,H) a VH pair. For VH pairs (V,HV) and (W,HW), a VH pair
homomorphism from (V,HV) to (W,HW) is a vertex algebra homomorphism f : V → W
such that f (HV) = HW . Since f (h(1)h
′) = f (h)(1) f (h′) for any h, h′ ∈ HV and the bilinear
form on HV is non-degenerate, f |HV : HV → HW is an isometric isomorphism of vector
spaces. A vertex subalgebra W of a VH pair (V,H) is said to be a subVH pair if H is a
subset of W. VH pair is a category whose objects are VH pairs and morphisms are VH
pair homomorphisms.
Let (A,H) be an AH pair and consider the Heisenberg vertex algebra MH(0) associated
with (H, (−,−)). Let us identify the degree 1 subspace of MH(0) with H. Then, the vertex
algebra MH(0) is generated by H and the actions of h(n) for h ∈ H and n ∈ Z give rise to
an action of the Heisenberg Lie algebra Ĥ on MH(0).
Consider the vector space
VA,H = MH(0) ⊗ A =
⊕
α∈H
MH(0) ⊗ Aα.
We let Ĥ acts on this space by setting, for h ∈ H, v ∈ MH(0) and a ∈ Aα,
h(n)(v ⊗ a) =
(h, α)v ⊗ a, n = 0,(h(n)v) ⊗ a, n , 0.
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Let α ∈ H and a ∈ Aα. Denote by la ∈ End A the left multiplication by a and define
laz
α : A → A[z±] by lazα · b = z(α,β)ab for b ∈ Aβ, where we used that ab , 0 implies
(α, β) ∈ Z. Then, set
Y(1 ⊗ a, z) = exp
(∑
n≥1
α(−n)
n
zn
)
exp
(∑
n≥1
α(n)
−n z
−n
)
⊗ lazα ∈ EndVA,H[[z±]].
The series Y(h ⊗ 1, z) = ∑n∈Z h(n)z−n−1 with h ∈ H and Y(1 ⊗ a, z) with a ∈ A form a set
of mutually local fields on VA,H and generate a structure of a vertex algebra on it. Since
MH(0) is a subalgebra of VA,H, (VA,H,H) is canonically a VH pair.
In the case that A = C{L} is the twisted group algebra associated with an even lattice L
and H = C ⊗Z L, the vertex algebra VA,H is nothing else but the lattice vertex algebra VL.
Proposition 2.6. The above construction gives a functor from the category of AH pairs to
the category of VH pairs.
We denote byV this functor, thus,V(A,H) is a VH pair (VA,H,H).
In order to prove the above proposition, we need the following result from [LL, Propo-
sition 5.7.9]:
Proposition 2.7 ([LL]). Let f be a linear map from a vertex algebra V to a vertex algebra
W such that f (1) = 1 and such that
f (s(n)v) = f (s)(n) f (v) for any s ∈ S , v ∈ V and n ∈ Z,
where S is a given generating subset of V. Then, f is a vertex algebra homomorphism.
proof of Proposition 2.6. Let (A,HA) and (B,HB) be AH pairs and ( f , f
′) : (A,HA) →
(B,HB) an AH pair homomorphism. It is clear that there is a unique C-linear map F :
VA,HA → VB,HB such that:
(1) F(h(n)−) = f ′(h)(n)F(−) for any h ∈ HA;
(2) F(1 ⊗ a) = 1 ⊗ f (a) for any a ∈ A.
It is easy to prove that the restriction of F gives an isomorphism from MHA(0) to MHB(0)
and satisfies F(v⊗ a) = F(v)⊗ f (a) for any v ∈ MHA(0) and a ∈ A. It suffices to show that
F is a vertex algebra homomorphism. We will apply Proposition 2.7 with S = HA ⊕ A.
Let a ∈ Aα and b ∈ Aβ for α, β ∈ HA and v ∈ MHA(0). Since
F(Y(1 ⊗ a, z)v ⊗ b)
= z(α,β)F(exp
(
−
∑
n≤−1
α(n)
n
z−n
)
exp
(
−
∑
n≥1
α(n)
n
z−n
)
v ⊗ ab)
= z( f
′(α), f ′(β)) exp
(
−
∑
n≤−1
f ′(α)(n)
n
z−n
)
exp
(
−
∑
n≥1
f ′(α)(n)
n
z−n
)
f (a)F(v ⊗ b)
= Y(1 ⊗ f (a), z)F(v ⊗ b).

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For an even H-lattice (L,H), the VH pair VAL,H ,H is called generalized lattice vertex
algebra. We denote it by VL,H.
Remark 2.2. The construction of the lattice vertex algebra VL from an even lattice L does
not form a functor, since there is no natural homomorphism from the automorphism group
of the lattice L to the automorphism group of the twisted group algebra C{L} (It depends
on a choice of a coboundary). This is one reason we introduce AH pairs.
3. VH pairs and Associative Algebras
In the previous section, we construct a functorV : AH pair → VH pair. In this section,
we construct a right adjoint functorΩ : VH pair → AH pair ofV (see Theorem 3.1). That
is, we construct a ‘universal’ associative algebra from a VH pair. Section 3.1 is devoted
to constructing the functor Ω, while in 3.2, we prove that Ω and V is an adjoint pair. In
subsection 3.3, we combine the results in this section and previous section and classify
generalized lattice vertex subalgebras of a VH pair.
3.1. Functor Ω. Let (V,H) be a VH pair and ωH be the canonical conformal vector of
MH(0) given by the Sugawara construction, that is, ωH =
1
2
∑
i hi(−1)hi, where {hi}i is a
basis of H and {hi}i is the dual basis of {hi}i with respect to the bilinear form on H. For
α ∈ H, we let Ωα
V,H be the set of all vectors v ∈ V such that:
VS1) TVv = ωH(0)v.
VS2) h(n)v = 0 for any h ∈ H and n ≥ 1.
VS3) h(0)v = (h, α)v for any h ∈ H.
Here, TV is the canonical derivation of V defined by TVv = v(−2)1. Set
ΩV,H =
⊕
α∈H
Ω
α
V,H.
A vector of a Heisenberg module which satisfies the condition (VS2) and (VS3) is called
a H-vacuum vector.
Remark 3.1. Since ωH(0)−T is a derivation on V, ker(ωH(0)−T ) is a vertex subalgebra
of V. Furthermore, since H ⊂ ker(ωH(0) − T ), (ker(ωH(0) − T ),H) is a VH pair and the
map (V,H) 7→ (ker(ωH(0) − T ),H) defines a functor from VH pair to itself.
Lemma 3.1. For v ∈ Ωα
V,H, ωH(0)v = α(−1)v and ωH(1)v = (α,α)2 v. Furthermore, Ω0V,H =
ker TV .
Proof. Let {hi}i be a basis of H and {hi}i the dual basis with respect to the bilinear form on
H. Then, ωH(0)v =
1
2
∑
i(hi(−1)hi)(0)v = 12
∑
i
∑
n≥0(hi(−1 − n)hi(n) + hi(−n − 1)hi(n))v =
1
2
∑
i(h
i, α)hi(−1)v + (hi, α)hi(−1)v = α(−1)v. Similarly, ωH(1)v = 12
∑
i(hi(−1)hi)(1)v =
1
2
∑
i
∑
n≥0(hi(−1 − n)hi(n + 1) + hi(−n)hi(n))v = 12
∑
i(h
i, α)(hi, α)v =
(α,α)
2
v. If v ∈ Ω0
V,H,
then TVv = ωH(0)v = 0. If v ∈ ker TV , then a(n)v = 0 for any n ≥ 0 and a ∈ V , which
implies v ∈ Ω0
V,H. Thus, Ω
0
V,H = ker TV . 
The following simple observation is fundamental:
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Lemma 3.2. Let v ∈ Ωα
V,H and w ∈ ΩβV,H. If Y(v, z)w , 0, then (α, β) ∈ Z and v(−(α, β) +
i)w = 0 for any i ≥ 0 and 0 , v(−(α, β) − 1)w = (−1)(α,β)w(−(α, β) − 1)v ∈ Ωα+β
V,H . In
particular, if (α, β) < Z, then Y(v, z)w = 0.
Proof. Let k be an integer such that v(k)w , 0 and v(k + i)w = 0 for any i > 0. We claim
that v(k)w ∈ Ωα+β
V
. Since [h(n), v(k)] =
∑
i≥0
(
n
i
)
(h(i)v)(n + k − i) = (h, α)v(n + k), we have
h(n)v(k)w = 0 and h(0)v(k)w = (h, α + β)v(k)w for any h ∈ H and n ≥ 1. Furthermore,
ωH(0)v(k)w = (ωH(0)v)(k)w + v(k)ωH(0)w = (TVv)(k)w + v(k)TVw = TV(v(k)w), which
implies v(k)w ∈ Ωα+β
V,H . According to Lemma 3.1, ωH(1)v(k)w =
(α+β,α+β)
2
v(k)w. Since
ωH(1)v(k)w = [ωH(1), v(k)]w+ v(k)ωH(1)w =
∑
i≥0
(
1
i
)
(ωH(i)v)(k+1− i)w+ v(k)ωH(1)w =
((α, α)/2 + (β, β)/2)v(k)w + (TVv)(k + 1)w = ((α, α)/2 + (β, β)/2 − k − 1)v(k)w, we have
k = −(α, β) − 1. Hence, (α, β) ∈ Z. By applying the skew-symmetry, v(−(α, β) − 1)w =∑
i≥0(−1)i+(α,β)T iV/i!w(−(α, β) − 1 + i)v = (−1)(α,β)w(−(α, β) − 1)v. 
We may equipΩV,H with a structure of an associative algebra in the following way: For
v ∈ Ωα
V,H and w ∈ ΩβV,H, define the product vw by
vw =
v(−(α, β) − 1)w, if Y(v, z)w , 0,0, otherwise.
In order to show that the product is associative, we need the following lemma.
Lemma 3.3. Let a, b, c ∈ V, p, q, r ∈ Z satisfy a(r+i)b = 0, b(q+i)c = 0 and a(p−1+i)c =
0 for any i ≥ 1. Then, (a(r)b)(p + q)c = a(r + p)(b(q)c).
Proof. Applying the Borcherds identity, we have (a(r)b)(p+q))c =
∑
i≥0
(
p
i
)
(a(r+ i)b)(p+
q− i)c = ∑i≥0(−1)i(ri)(a(r+ p− i)b(q+ i)c− (−1)rb(r+q− i)a(p+ i)c) = a(r+ p)b(q)c. 
Lemma 3.4. (ΩV,H,H) is an AH pair.
Proof. Let a ∈ Ωα
V,H, b ∈ ΩβV,H and c ∈ ΩγV,H for α, β, γ ∈ H. According to Lemma 3.2,
it remains to show that the product is associative, i.e., (ab)c = a(bc). Suppose that one
of (α, β), (β, γ), (α, γ) is not integer. According to Lemma 3.2, it is easy to show that
(ab)c = a(bc) = 0. Thus, we may assume that (α, β), (β, γ), (α, γ) ∈ Z. Then, (ab)c =
(a(−(α, β)−1)b)(−(α+β, γ)−1)c and a(bc) = a(−(α, β+γ)−1)(b(−(β, γ)−1)c). By applying
Lemma 3.3 with (p, q, r) = (−(α, γ),−(β, γ) − 1,−(α, β) − 1), we have (ab)c = a(bc). 
Proposition 3.1. The map Ω : VH pair → AH pair, (V,H) 7→ (ΩV,H,H) is a functor.
Proof. Let (V,HV) and (W,HW) be VH pairs and f : (V,HV) → (W,HW) a VH pair
homomorphism. Set f ′ = f |HV : HV → HW . Let eα ∈ ΩαV,HV . For h ∈ HW , since
h(n) f (eα) = f ( f
′−1(h))(n) f (eα) = f ( f ′−1(h)(n)eα), we have h(n) f (eα) = 0 and h(0) f (eα) =
( f ′−1(h), α) f (eα) for any n ≥ 1. Since f ′ is an orthogonal transformation, ( f ′−1(h), α) =
(h, f ′(α)). Since f (ωHV ) = ωHW , ωHW (0) f (eα) = f (ωHV (0)eα) = f (eα(−2)1) = f (eα)(−2)1.
Hence, f (Ωα
V
) ⊂ Ω f ′(α)
W
. The rest is obvious. 
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we will often abbreviate the AH pair (and the functor) (ΩV,H,H) as Ω(V,H).
Since Ω is a functor, we have:
Lemma 3.5. Let f ∈ AutV such that f (H) = H. Then, f induces an automorphism of the
AH pair Ω(V,H).
Let (V,HV) and (W,HW) be VH pairs. Then, V ⊗W is a vertex algebra, and HV ⊕ HW is
a Heisenberg subspace of V ⊗W. Hence, we have:
Lemma 3.6. The category of VH pairs and the category of AH pairs are strict symmetric
monoidal categories.
It is easy to confirm that the functor V : AH pair → VH pair is a monoidal functor,
that is, V((A,HA) ⊗ (B,HB)) is naturally isomorphic toV(A,HA) ⊗ V(B,HB). However,
Ω is not strict monoidal functor, since ker(ωH(0) − T ) do not preserve the tensor product
(see Remark 3.1).
Lemma 3.7. Let (V,HV) and (W,HW) be VH pairs. If ωHW (0) = TW , then Ω(V ⊗W,HV ⊕
HW) is isomorphic to Ω(V,HV) ⊗Ω(W,HW) as an AH-pair.
Proof. It is clear that ΩV,HV ⊗ ΩW,HW ⊂ ΩV⊗W,HV⊕HW . Let
∑
i vi ⊗ wi ∈ ΩV⊗W,HV⊕HW . We
can assume that {vi}i and {wi}i are both linearly independent. For h ∈ HV and n ≥ 1,
h(n)
∑
i vi ⊗ wi =
∑
i h(n)vi ⊗ wi = 0. Since wi are linearly independent, h(n)vi = 0 for any
i. Similarly, h′(n)wi = 0 for any i and h′ ∈ HW . Since ωHV⊕HW = ωHV ⊗ 1 + 1 ⊗ ωHW , we
have ωHV (0)
∑
i vi ⊗ wi = (ωHV⊕HW (0) −ωHW (0))
∑
i vi ⊗wi = (TV⊗W − 1 ⊗ TW)
∑
i vi ⊗ wi =
(TV ⊗ 1)
∑
i vi ⊗ wi, where we used ωHW (0) = TW and
∑
i vi ⊗ wi ∈ ΩV⊗W,HV⊕HW . Hence,
ωHV (0)vi = TVvi, which implies that vi ∈ ΩV,HV ,wi ∈ ΩW,HW . 
3.2. Adjoint functor. In this subsection, we will prove the following theorem:
Theorem 3.1. The functor Ω : VH pair → AH pair is a right adjoint to the functor
V : AH pair→ VH pair.
The following observation is important:
Lemma 3.8. Let (A,H) be an AH pair. Then, the following conditions hold for the VH
pair (VA,H,H):
(1) TVA,H = ωH(0);
(2) The AH pair Ω(VA,H,H) is isomorphic to (A,H);
(3) The vertex algebra VA,H is generated by the subspaces H and ΩVA,H ,H = A as a
vertex algebra.
In particular, the composite functor Ω ◦ V : AH pair → AH pair is isomorphic to the
identity functor.
Hereafter, we will construct a natural transformation fromV◦Ω : VH pair → VH pair
to the identity functor and prove the above Theorem. We start from the observation,
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Lemma 3.8. Let (V,HV) be a VH pair and (A,HA) an AH pair and f : V(A,HA) → (V,HV)
a VH pair homomorphism. Then, by Lemma 3.8 and f (ωHA) = ωHV , the image of f
satisfies the condition (VS1) and is generated by HV and the subset of HV-vacuum vectors
as a vertex algebra. So, let W be the vertex subalgebra of V generated by HV and ΩV,HV .
Then, there is a natural isomorphism
Hom VH pair((VA,HA ,HA), (V,HV)) → Hom VH pair((VA,HA ,HA), (W,HV)).
Hence, the proof of Theorem 3.1 is divided into two parts. First, we prove that the sub-
algebra W is isomorphic to VΩV,HV ,HV = V ◦ Ω(V,HV) as a VH pair, which gives us a
natural transformationV ◦ Ω(V,HV) ֒→ (V,HV). Second, we prove that there is a natural
isomorphism
Hom AH pair((A,HA), (B,HB)) → Hom VH pair(V(A,HA),V(B,HB)),
for AH pairs (A,HA) and (B,HB).
Let us prove the first step. Since MHV (0) is a subalgebra ofW,W is an MHV (0)-module.
Lemma 3.9. The subspaceW ⊂ V is isomorphic to MHV (0)⊗CΩV,HV as an MHV (0)-module.
Proof. Let W ′ be an MHV (0)-submodule of V generated by ΩV,HV . Then, according to
the representation theory of Heisenberg Lie algebras (see [FLM, Theorem 1.7.3]), W ′ 
MHV (0) ⊗C ΩV,HV as an MHV (0)-module. Hence, it suffices to show that W ′ is closed
under the products of the vertex algebra. Let v,w ∈ W ′. We may assume that v =
h1(i1) . . . hk(ik)eα and w = h
′
1( j1) . . . h
′
l
( jl)eβ where hi, h
′
j ∈ HV and eα ∈ ΩαV,HV , eβ ∈
Ω
β
V,HV
. Since (h(n)v)(m)w =
∑
i≥0(−1)i
(
n
i
)
h(n − i)v(m + i)w − (−1)nv(n + m − i)h(i)w, we
may assume that v = eα ∈ ΩαV,HV . Since eα(n)h(m)w = [eα(n), h(m)]w + h(m)eα(n)w =
−(h, α)eα(n + m)w + h(m)eα(n)w, we may assume that w = eβ ∈ ΩβV,HV . If Y(eα, z)eβ = 0,
then there is nothing to prove. Assume that Y(eα, z)eβ , 0. Then, according to Lemma
3.2, eα(−(α, β) + k)eβ = 0 for any k ≥ 0 and eα(−(α, β) − 1)eβ ∈ Ωα+βV . We will show
that eα(−(α, β) − k)eβ ∈ W ′ for k ≥ 2. According to Lemma 3.1, ωHV (0)eβ = β(−1)eβ.
Then, β(−1)eα(−(α, β) − k)eβ = [β(−1), eα(−(α, β) − k)]eβ + eα(−(α, β) − k)β(−1)eβ =
(α, β)eα(−(α, β)−k−1)eβ+eα(−(α, β)−k)ωHV (0)eβ = ωH(0)eα(−(α, β)−k)eβ−keα(−(α, β)−
k − 1)eβ. Since k ≥ 1, we have
eα(−(α, β) − k − 1)eβ =
1
k
(ωHV (0) − β(−1))eα(−(α, β) − k)eβ(3)
=
1
k!
(ωHV (0) − β(−1))keα(−(α, β) − 1)eβ.
Since ωHV (0)W
′ ⊂ W ′, we have eα(−(α, β) − k − 1)eβ ∈ W ′. 
Remark 3.2. Equation (3) was proved by [Ro] for lattice vertex algebras.
Lemma 3.10. The subalgebra W is isomorphic toV ◦Ω(V,HV) as a VH pair.
Proof. According to Lemma 3.9, we have an isomorphism f : W → VΩV,HV ,HV = MHV (0)⊗
ΩV,HV as an MHV (0)-module. We will apply Proposition 2.7 with S = HV ⊕ ΩV,HV . It
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suffices to show that f (a(n)v) = f (a)(n) f (v) for any a ∈ ΩV,HV and v ∈ W and n ∈ Z,
which can be proved by the similar arguments as Lemma 3.9. 
As discussed above, the subalgebra VΩV,HV ,HV ⊂ V is universal as follows:
Proposition 3.2. Let (A,HA) be an AH pair and f : (VA,HA,HA) → (V,HV) be a VH pair
homomorphism. Then, f (VA,HA) ⊂ VΩV,HV ,HV . In particular, there is a natural bijection,
HomVH pair((V(A,HA), (V,HV))  HomVH pair(V(A,HA),V ◦Ω(V,HV)).
let us prove the second step. Let (B,HB) be an AH pair. SinceV and Ω is a functor, we
have a natural map
φ : HomAH pair((A,HA), (B,HB)) → HomVH pair(V(A,HA),V(B,HB))
and
ψ : HomVH pair(V(A,HA),V(B,HB)) → HomAH pair(Ω ◦ V(A,HA),Ω ◦ V(B,HB)).
By Lemma 3.8,
HomAH pair(Ω ◦ V(A,HA),Ω ◦ V(B,HB))  HomAH pair((A,HA), (B,HB)).
It is easy to prove that ψ is an inverse of φ. Hence, we have:
Lemma 3.11. The map φ is a bijection.
Combining Proposition 3.2 and Lemma 3.11, we prove Theorem 3.1.
3.3. Good VH pairs and Maximal lattices. We will say that a VH pair (V,H) is a good
VH pair if the AH pair Ω(V,H) is a good AH pair, i.e., the following conditions are
satisfied:
1) Ω0
V,H = C1.
2) vw , 0 for all α, β ∈ H and v ∈ Ωα
V,H \ {0} and w ∈ ΩβV,H \ {0}.
The following proposition follows from [DL, Proposition 11.9]:
Proposition 3.3. If V is a simple vertex algebra, then for any nonzero elements a, b ∈ V,
Y(a, z)b , 0, i.e., there exists an integer n ∈ Z such that a(n)b , 0.
By the above proposition and Lemma 3.2 and Lemma 3.1, we have the following
lemma:
Lemma 3.12. For a VH pair (V,HV), if V is simple and Ker T = C1, then (V,HV) is a
good VH pair.
For a vertex algebra V and v,w ∈ ker TV , define the product on ker TV by
vw = v(−1)w.
Then, ker TV is a unital commutative associative C-algebra. The following proposition is
interesting in its own right, which is related to a physical assumption in the quantum field
theory. It says any field which does not depend on its position, i.e., d
dz
Y(a, z) = 0, is a
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scalar, called ‘c-number’. We do not use it in the rest of this paper. The proof is given in
the appendix.
Proposition 3.4. If V is simple, then ker T is a field. In particular, if V is simple and has
countable dimension over C, then ker T = C1.
Hereafter, we will study good VH pairs.
Lemma 3.13. For an even H-lattice (L,H) and a good VH pair (V,HV), (V⊗VL,H,HV⊕H)
is a good VH pair. Furthermore,Ω(V⊗VL,H,HV⊕H) is isomorphic toΩ(V,HV)⊗(AL,H,H)
as an AH pair.
Proof. For a generalized lattice vertex algebra VL,H, we have ωH(0) = TVL,H . Hence,
according to Lemma 3.7, we have ΩV⊗VL,H  ΩV ⊗ ΩVL,H . Since V and VL,H are good VH
pairs, Ω0
V⊗VL,H = Ω
0
V
⊗ Ω0
VL,H
= C1 ⊗ 1. Let v ∈ Ωα+β
V⊗VL,H and v
′ ∈ Ωα′+β′
V⊗VL,H be nonzero
elements, where α, α′ ∈ HV and β, β′ ∈ H. Since VL,H is a generalized lattice vertex
algebra, dimΩ
β
VL,H
= dimA
β
L,H = 1 for any β ∈ L. Hence, we may assume that v = a ⊗ b
and v′ = a′⊗b′, where a ∈ Ωα
V
and a′ ∈ Ωα′
V
, b ∈ Aβ
L,H, b
′ ∈ Aβ′
L,H. Then, vw = aa
′⊗bb′ , 0.
Hence, (V ⊗ VL,H,HV ⊕ H) is a good VH pair. 
The category of good VH pairs (resp. good AH pairs) are full subcategory of VH pair
(resp. AH pair) whose objects are good VH pairs (reps. good AH pairs). The following
proposition follows from the Theorem 3.1:
Corollary 3.1. The adjoint functors in Theorem 3.1 induce adjoint functors between
good VH pair and good AH pair.
Let (V,HV) be a good VH pair. Then, by Lemma 2.5,Ω(V,HV)
lat is a lattice pair. Denote
the even H-lattice (LΩ(V,HV ),HV) by LV,HV , which we call a maximal lattice of the good VH
pair (V,HV) (see Definition 2). By Proposition 2.4, the AH pair Ω(V,HV)
lat is isomorphic
to the AH pair (ALV,HV ,HV ,HV). By Lemma 3.10, the generalized lattice vertex algebra
VLV,HV ,HV = V(Ω(V,HV)lat) is a subVH pair of (V,HV), which is a maximal generalized
lattice vertex algebra as follows:
Theorem 3.2. Let (V,H) be a good VH pair. Then, the subVH pairV(Ω(V,HV)lat) can be
characterized by the following properties:
(1) V(Ω(V,HV)lat) is a generalized lattice vertex algebra:
(2) For any even H-lattice (L,H) and any VH pair homomorphism f : (VL,H,H) →
(V,HV), the image of f is inV(Ω(V,HV )lat).
Furthermore, there is a natural bijection between Hom VH pair((VL,H,H), (V,HV )) and
Hom AH pair((AL,H,H), (ALV,HV ,HV )).
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Proof. By Theorem 3.1 and Lemma 2.5,
Hom VH pair((VL,H,H), (V,HV))  Hom good AH pair((AL,H,H),Ω(V,HV))
 Hom good AH pair((AL,H,H),Ω(V,HV)
lat)
 Hom VH pair((VL,H,H),V(Ω(V,HV)lat)).

By Theorem 3.2 and Lemma 3.13, we have:
Corollary 3.2. For a good VH pair (V,HV) and an even H-lattice (L,H), the maximal
lattice of the good VH pair (V ⊗ VL,H,HV ⊕ H) is (LV,HV ⊕ L,HV ⊕ H).
We end this section by showing the existence of lattice vertex algebras in a good VH
pair. Let (V,H) be a good VH pair and (LV,H,H) be the maximal lattice.
Lemma 3.14. If a subgroup M ⊂ LV,H spans a non-degenerate subspace of H, then there
exists a vertex subalgebra of V which is isomorphic to the lattice vertex algebra VM .
Proof. It is clear thatM is a free abelian group of finite rank. By Lemma 2.4, (Ω(V,H)lat)M 
(ALV,H ,H)M is isomorphic to the twisted group algebra C{M} associated with the even lat-
tice M. Let H′ be the subspace of H spanned by M and set H′′ = {h ∈ H | (h, h′) =
0 for any h′ ∈ H′}. Then, the vertex algebra VC{M},H is isomorphic to MH′(0)⊗VM as a VH
pair. Thus, VM is a subalgebra of V . 
4. Genera of VH pairs andMass Formula
In this section, we introduce the notion of a genera of VH pairs and prove a Mass
formula (Theorem 4.2) which is an analogous result of that for lattices.
Recall that two lattices L1 and L2 are said to be equivalent or in the same genus if their
base changes are isomorphic as lattices:
L1 ⊗Z R ≃ L2 ⊗Z R, L1 ⊗Z Zp ≃ L2 ⊗Z Zp,
for all the prime integers p. Consider the unique even unimodular lattice II1,1 of signature
(1, 1). The proof of the following lemma can be found in [KP]:
Lemma 4.1. The lattices L1 and L2 are in the same genus if and only if
L1 ⊗ II1,1 ≃ L2 ⊗ II1,1
as lattices.
We will use this characterization of the equivalence to define that for VH pairs. In the
rest of this paper, we always assume VH pairs to be good and denote a VH pair by V
instead of (V,HV) and the associated AH pair by ΩV instead of (Ω
HV
V
,HV) for simplicity.
Note that tensor products of good VH pairs and generalized lattice vertex algebras are
again good VH pairs by Lemma 3.13.
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Let VII1,1 denote the lattice vertex algebra associated with the lattice II1,1 and consider it
as a VH pair (VII1,1 ,HII1,1) with HII1,1 = C ⊗Z II1,1. Two (good) VH pairs V and W are said
to be equivalent if there exists an isomorphism
f : V ⊗ VII1,1 ≃ W ⊗ VII1,1
of a VH pair, that is, a vertex algebra isomorphism f which satisfies
f (HV⊗VII1,1 ) = HV⊗VII1,1 .
We call an equivalent class of VH pairs, an genus of VH pairs, and denote by genus(V)
the equivalent class of a VH pair V .
Before going into details, we briefly describe how to use the methods developed in the
previous section to study the genera. Assume that V⊗VII1,1  W⊗VII1,1 as a VH pair, that is,
they are in the same genus of VH pairs. We observe that V is obtained as a coset of V⊗VII1,1
by VII1,1 , that is, V  CosetV⊗VII1,1 (VII1,1), and so is W (see Section 4.1). Furthermore, it
is clear that the subVH pair (MHV (0) ⊗ VII1,1 ,HV ⊕ HII1,1) ⊂ (V ⊗ VII1,1 ,HV ⊕ HII1,1) is a
generalized lattice vertex algebra, whose maximal lattice is (II1,1,HV⊕HII1,1). By choosing
a subVH pair which is isomorphic to the generalized lattice vertex algebra MHV (0)⊗VII1,1 ,
we obtain vertex subalgebras V ,W and all the VH pair in genus(V). A subVH pair which
is isomorphic to MHV (0) ⊗ VII1,1 can be classified by Lemma 4.6.
Section 4.1 is devoted to studying the coset constructions of vertex algebras and VH
pairs. In section 4.2, a mass formula will be proved.
4.1. Coset constructions. Let V and W be a vertex algebra. For each V-module M, the
tensor product W ⊗ M becomes a W ⊗ V-module. We denote by TW the functor which
assigns theW ⊗ V-moduleW ⊗ M to each V-module M:
TW : V-mod → W ⊗ V-mod, M 7→ W ⊗ M.
For a vertex algebra V˜ and a vertex subalgebraW of V˜ and a V˜-module M˜, the subspace
CM˜(W) = {v ∈ M˜ | w(n)v = 0 for any w ∈ W and n ≥ 0}
is called a coset. If M˜ = V˜ , viewed as a V˜-module, then CV˜(W) is a vertex subalgebra of
V˜. It is clear that CM˜(W) is a CV˜ (W)-module for any V˜-module M˜. Consider the functor
RW which assigns the CV˜(W)-module CM˜(W) to each V˜-module M˜,
RW : V˜-mod → CV˜(W)-mod, M˜ 7→ CM˜(W).
In this subsection, we consider the composition of the coset functor RW and the tensor
product functor TW . We first consider the case of RW ◦ TW . If CW(W) = C1, then RW ◦
TW(M) = CW⊗M(W) = C1 ⊗ M for any V-module M. Hence, we have:
Lemma 4.2. If CW(W) = C1, then the composite functor RW ◦ TW : V-mod → V-mod is
naturally isomorphic to the identity functor.
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We now consider the case of TW ◦ RW . Let V˜ be a vertex algebra and W a vertex
subalgebra. Set W ′ = CV˜(W). Since the vertex subalgebras W and W
′ are commute
with each other (in V˜), by the universality of the tensor product in the category of vertex
algebras, there is a vertex algebra homomorphism iW : W ⊗W ′ → V˜ , (w,w′) 7→ w(−1)w′,
which implies that M˜ is aW ⊗W ′-module. Consider this pullback functor,
iW
∗ : V˜-module→ W ⊗W ′-module, M˜ 7→ M˜.
We let fM˜ denote the linear map W ⊗ CM˜(W) → M˜ defined by setting fM˜(w ⊗ m) =
w(−1)m for w ∈ W and m ∈ CM˜(W).
Lemma 4.3. The family of linear maps fM˜ gives a natural transformation from TW ◦ RW
to the pullback functor iW
∗.
Proof. It suffices to show that fM˜ : W ⊗CM˜(W) → M˜ is aW⊗W ′-module homomorphism
(The naturality of fM˜ is clear). Let w1,w2 ∈ W and w′ ∈ W ′, m ∈ CM˜(W) and k ∈
Z. It suffices to show that fM˜((w1 ⊗ w′)(k)w2 ⊗ m) = (w1 ⊗ w′)(k) fM˜(w2 ⊗ m). Since
[w1(p),w
′( j)] = [w2(p),w′( j)] = 0 and w1(q)m = w2(q)m = 0 for any p ∈ Z and q ≥ 0,
we have
fM˜(w1(i)w2 ⊗ w′( j)m)) = (w1(i)w2)(−1)(w′( j)m)
=
∑
l≥0
(
i
l
)
(−1)l(w1(i − l))w2(−1 + l) + w2(i − 1 − l)w1(l))w′( j)m
= w1(i)w
′( j)w2(−1)m
for any i, j ∈ Z. Hence,
fM˜((w1 ⊗ w′)(k)w2 ⊗ m) =
∑
l∈Z
fM˜(w1(l)w2 ⊗ w′(k − l − 1)m)
=
∑
l∈Z
w1(l)w
′(k − l − 1)w2(−1)m
= (
∑
l≥0
w1(−1 − l)w′(k + l) + w′(k − l − 1)w1(l))w2(−1)m
= (w1(−1)w′)(k) fM˜(w2 ⊗ m) = (w1 ⊗ w′)(k) fM˜(w2 ⊗ m).

We will say that a vertex algebra V is completely reducible if every V-module is com-
pletely reducible. If a completely reducible vertex algebra V has a unique simple V-
module up to isomorphism, we will say that V is holomorphic. Hereafter, we consider
the functor RW and TW for a holomorphic vertex algebra W. Let W be a vertex subalge-
bra of V˜ and M˜ a V˜-module. Suppose that W be a holomorphic vertex algebra such that
CW(W) = C1. Since W is a holomorphic vertex algebra, as a W-module, M˜ is a direct
sum of copies of W. For each copy of W, since CW(W) = C1, there is a unique vector
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which commutes withW (called a vacuum like vector). Hence, the natural transformation
given in Lemma 4.3,
fM˜ : W ⊗ CM˜(W) → M˜, (w,m) 7→ w(−1)m,(4)
is an isomorphism. In particular, V˜ is isomorphic to W ⊗ CV˜ (W) as a vertex algebra.
Combining Lemma 4.2 and Lemma 4.3 and the above discussion, we have:
Theorem 4.1. Let V˜ be a vertex algebra and W be a vertex subalgebra of V such that
CW(W) = C1. Then, V˜ is isomorphic to W ⊗ CV˜(W) as a vertex algebra and the functors
TW and RW are mutually inverse equivalences between V˜-mod and CV˜(W)-mod.
Corollary 4.1. If W is holomorphic and CW(W) = C1, then a vertex algebra V is simple
(resp. completely reducible, holomorphic) if and only if V ⊗W is simple (resp. completely
reducible, holomorphic).
Remark 4.1. Let M be an irreducible module of an associative C-algebra A and N an
irreducible module of an associative C-algebra B. Then, it is well-known that M ⊗ N is
an irreducible module of A ⊗ B if both M and N are finite dimensional, which is not true
in general. For example, let A = B = M = N = C(x). Then, the claim fails, since A ⊗ B is
not a field.
For our application, we are interested in a coset of a VH pair by a holomorphic lattice
vertex algebra. Let (V˜ ,H) be a good VH pair and (LV˜ ,H,H) be a maximal lattice. Let
M be a sublattice of LV,H such that M is unimodular. According to Proposition 3.14, the
lattice vertex algebra VM, which is holomorphic, is a vertex subalgebra of V˜. Let H
′ be
the canonical Heisenberg subspace of the lattice vertex algebra VM and set H
′′
= {h ∈
H | (h, h′) = 0 for any h′ ∈ H′}. By Theorem 4.1, V˜  VM ⊗ RVM (V˜). Hence, we have:
Lemma 4.4. RVM (V˜) = {v ∈ V˜ | h(n)v = 0 for any n ≥ 0 and h ∈ H′}.
Since M is non-degenerate, H = H′⊕H′′ and H′′ ⊂ RVM (V˜). In particular, (RVM (V˜),H′′)
is canonically a VH pair. Hence, we have:
Lemma 4.5. If M is a unimodular sublattice of LV˜ ,H. then (V˜,HV) is isomorphic to
(VM ⊗ RVM (V˜),H′ ⊕ H′′) as a VH pair.
Let II1,1 be the unique even unimodular lattice of signature (1, 1); that is, II1,1 has a
basis z,w such that (z, z) = (w,w) = 0 and (z,w) = −1. Then, we have:
Lemma 4.6. For a good VH pair V˜, there is a one-to-one correspondence between a sub-
lattice of LV˜ which is isomorphic to II1,1 and a decomposition of V˜ into a tensor product
V˜  VII1,1 ⊗ V ′ as a VH pair.
4.2. Mass formulae for VH pairs. By Corollary 3.2, if V and W are in the same genus,
then LV ⊕ II1,1  LW ⊕ II1,1, where LV and LW are the maximal lattice of V and W. By
Lemma 4.1, LV and LW are in the same genus of lattices.
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Let f ∈ AutV such that f (HV) = HV . According to Lemma 3.5, f induces the automor-
phism on ΩV . Furthermore, f induces an automorphism on the maximal lattice LV ⊂ HV .
The image of such automorphisms forms a subgroup of Aut LV , denoted by GV .
For a lattice L, set
L˜ = L ⊕ II1,1
and
S II1,1(L˜) = {M ⊂ L˜ | M is a rank 2 sublattice which is isomorphic to II1,1}.
The group Aut L˜ naturally acts on S II1,1(L˜). Let us denote the set of orbits by Aut L˜\S II1,1(L˜).
Then, there is a one-to-one correspondence between Aut L˜\S II1,1(L˜) and the isomorphism
classes of genus(L).
Since the maximal lattice of V˜ = V ⊗ VII1,1 is L˜V = LV ⊕ II1,1, the group GV˜ acts on
S II1,1(L˜V ). In analogy with the case of lattices, we have:
Proposition 4.1. There is a one-to-one correspondence between GV˜\S II1,1(L˜V ) and the
isomorphism classes of genus(V).
Proof. Let S , S ′ ∈ S II1,1(L˜V ). According to Lemma 4.6, there exist the correspondent
lattice vertex subalgebras VS ⊂ V˜ and VS ′ ⊂ V˜. Set CS = CV˜(VS ) and CS ′ = CV˜ (VS ′).
Then, V˜  VS ⊗ CS as a VH pair. Hence, CS ∈ genus(V).
Suppose that there exists f ∈ GV˜ such that f (S ) = S ′. Then, f (VS ) = VS ′ in V˜. Thus,
f induces an isomorphism CS → CS ′ . Thus, we have a map
GV˜\S II1,1(L˜V ) → {the VH pair isomorphism classes of genus(V), S 7→ CS .
For an isomorphism g : CS → CS ′ as a VH pair, id ⊗ g is an isomorphism VS ⊗ CS →
VS ′⊗CS ′ , that is, an automorphism of V˜, which maps S to S ′. Hence, the map is injective.
The surjectivity of it follows from Lemma 4.6. 
In general, GV˜ is a proper subgroup of Aut L˜. Hence, it is possible that there are non-
isomorphic vertex algebras in a genus whose maximal lattices are the same. Let S be a
sublattice of L˜. Set
S ⊥ = {α ∈ L˜ | (α, β) = 0 for any β ∈ S },
which is a sublattice of L˜, and set
StAut L˜(S ) = { f ∈ Aut L˜ | f (S ) = S }.
Lemma 4.7. Let V be a good VH pair and LV be the maximal lattice. Let L0 ∈ genus(LV )
and choose S 0 ∈ S II1,1(L˜V ) with S ⊥0  L0. Then, there is a one-to-one correspondence
between the isomorphism classes of VH pairs in genus(V,HV) whose maximal lattice is
isomorphic to L0 and the double coset GV˜\Aut (L˜V )/StAut L˜V (S 0). Furthermore, Aut L˜V =
GV˜ if and only if |GV˜\Aut (L˜V )/StAut L˜V (S 0)| = 1 and StAut L˜V (S 0) ⊂ GV˜ . In this case, there
exists a one-to-one correspondence between genus(LV ) and genus(V,HV). In particular,
a VH pair in genus(V,HV) is uniquely determined by its maximal lattice.
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Proof. Set X = {S ∈ S II1,1(L˜V ) | L0  S ⊥}. Since Aut L˜V acts on X transitively, X 
Aut L˜V/StL˜V (S 0) as a Aut L˜V -set. Then, the number of the isomorphism class of VH pairs
in genus(V) whose maximal lattice is isomorphic to L0 is equal to
|GV˜\X| = |GV˜\Aut (L˜V )/StAut L˜V (S 0)|.
If |GV˜\X| = 1, then GV˜StAut L˜V (S 0) = Aut (L˜V ). Thus, the assertion follows. 
Suppose that LV is positive-definite and [Aut (L˜V ) : GV˜] is finite. Then, GV and Aut LV
are finite groups and |GV˜\Aut (L˜V )/StAut L˜V (S 0)| is finite for any L0 ∈ genus(LV ). A mass
of genus(V,HV) is defined to be
mass(V,HV) =
∑
W∈genus(V)
1
|GW |
.
By the formula for the number of double cosets, we have:
Proposition 4.2. Suppose that LV is positive-definite and [Aut (L˜V ) : GV˜] is finite. Then,
for L0 ∈ genus(LV ), the following equation holds:
[Aut L˜V : GV˜]
|Aut L0|
=
∑
W∈genus(V), LWL0
1
|GW |
.
Summing up the equation in Proposition 4.2 on L0 ∈ genus(LV ), we have:
Theorem 4.2. Let (V,HV) be a good VH pair. If LV is positive-definite and [Aut (L˜V ) : GV˜]
is finite, then
mass(V,HV) = mass(LV )[Aut L˜V : GV˜].
5. VH pair with coformal vector
In this section, VH pairs with a conformal vector are studied. We first recall the defini-
tion of a conformal vertex algebra and a vertex operator algebra and its dual module.
A conformal vertex algebra is a vertex algebra V with a vector ω ∈ V satisfying the
following conditions:
(1) There exists a scalar c ∈ C such that
[L(m), L(n)] = (m − n)L(m + n) + m
3 − m
12
δm+n,0 c
holds for any n,m ∈ Z, where L(n) = ω(n + 1);
(2) L(−1) = TV ;
(3) L(0) is semisimple on V and all its eigenvalues are integers.
The scalar c of a conformal vertex algebra is called a central charge of the conformal
vertex algebra. Let (V, ω) be a conformal vertex algebra and set
Vn = {v ∈ V | L(0)v = nv}
for n ∈ Z. A conformal vertex algebra (V, ω) is called a vertex operator algebra of CFT
type (hereafter called a VOA) if it satisfies the following conditions:
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VOA1) If n ≤ −1, then Vn = 0;
VOA2) V0 = C1;
VOA3) Vn is a finite dimensional vector space for any n ≥ 0.
In this paper, a conformal vertex algebra (resp. a VOA) of central charge l is called a c = l
conformal vertex algebra (resp. a c = l VOA).
Let (V, ω) be a VOA. Set V∨ =
⊕
n≥0 V
∗
n , where V
∗
n is the dual vector space of Vn. For
f ∈ V∨ and a ∈ V , set
YV∨(a, z) f (−) = f (Y(eL(1)z(−z−2)L(0)a, z−1)−).
The following theorem was proved in [FHL, Theorem 5.2.1]:
Theorem 5.1. (V∨, YV∨) is a V-module.
The V-module V∨ in Theorem 5.1 is called a dual module of V . A VOA (V, ω) is said to
be self-dual if V is isomorphic to V∨ as a V-module. The following theorem was proved
in [Li1, Corollary 3.2]:
Theorem 5.2. Let (V, ω) be a simple VOA. Then, (V, ω) is self-dual if and only if L(1)V1 =
0.
If (V, ω) is self-dual, then there exists a non-degenerate bilinear form (, ) : V × V → C
such that
(Y(a, z)b, c) = (b, Y(eL(1)z(−z−2)L(0)a, z−1)c)
for any a, b, c ∈ V . A bilinear form on V with the above property is called an invariant
bilinear form on (V, ω). We remark that (V, ω) is self-dual if and only if it has a non-
degenerate invariant bilinear form. A subspace W ⊂ V is called a subVOA of (V, ω) if W
is a vertex subalgebra and ω ∈ W.
In this section, we will introduce some technical conditions for a conformal vertex
algebra with a Heisenberg subspace H, which is an analogue of a self-dual VOA (of CFT
type).
Let (V, ω) be a conformal vertex algebra with a Heisenberg subspace H ⊂ V . Assume
that ω(n)h = 0 and ω(1)h = h and h(0) is semisimple on V for any h ∈ H and n ≥ 2.
Then, h(0) commutes with L(0). For α ∈ H, set
Vαn = {v ∈ Vn | h(0)v = (h, α)v for any h ∈ H}
and
MV,H = {α ∈ H | Vαn , 0 for some n ∈ Z}
and
V∨H =
⊕
n∈Z,α∈L
(Vαn )
∗,
which is a restricted dual space. We would like to define a V-module structure on V∨H
in analogy with Theorem 5.1. The difficulty in defining a dual module structure on a
conformal vertex algebra lies in the fact that it does not always satisfy the following
conditions:
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• Vn is bounded below, that is, Vn = 0 for sufficiently small n;
• ω(2) is a locally nilpotent operator.
We assume that, for any α ∈ MV,H, Vαn = 0 for sufficiently small n. Then, since ω(2)
commutes with h(0) for any h ∈ H, ω(2) is locally nilpotent. By using Vα(n)Vβ ⊂ Vα+β,
we can define a V-module structure on V∨
H
similarly to Theorem 5.1. Hence, we have:
Lemma 5.1. If a conformal vertex algebra (V, ω) and a Heisenberg subspace H ⊂ V
satisfy the above conditions, then V∨
H
is a V-module similarly to Theorem 5.1.
Definition 1. Suppose that a conformal vertex algebra (V, ω) and a Heisenberg subspace
H ⊂ V satisfy the following assumption (A):
A1) ω(n)h = 0 and ω(1)h = h for any n ≥ 2 and h ∈ H;
A2) For any h ∈ H, h(0) is semisimple on V;
A3) (α, β) ∈ R, for any α, β ∈ MV,H;
A4) If
(α,α)
2
> n, then Vαn = 0;
A5) V0
0
= C1 and V0
1
= H;
A6) Vαn is a finite dimensional vector space;
A7) V∨
H
 V as a V-module.
Remark 5.1. Let (V, ω,H) satisfy Assumption (A). By (A7), there exists a non-degenerate
invariant bilinear form (see Section 3.2). Normalize the bilinear form so that (1, 1) = −1.
Let h, h′ ∈ H. By the invariance, (h, h′) = (−1)(1, h(1)h′). The bilinear form on the
Heisenberg subspace H is defined by h(1)h′ = (h, h′)1 (see Section 2.3). Hence, two
bilinear form on H coincide.
In this section, a conformal vertex algebra and a Heisenberg subspace satisfying As-
sumption (A), which is denoted by (V, ω,H), is studied.
Assumption (A) is used in order to show the following Theorems, which are proved in
Section 5.1:
Theorem 5.3. Set L′
V,H = {α ∈ H | Vαα2/2 , 0}. Then, (ΩV,H)lat =
⊕
α∈L′
V
Vα
α2/2
. In
particular, L′
V,H is equal to the maximal lattice LV,H of the VH pair (V,H).
Theorem 5.4. Let α ∈ MV,H such that α2 > 0 and Vα1 , 0. Then, Vα1 and V−α1 generate
the simple affine vertex algebra Lsl2 (k, 0) of level k = 2/(α, α) ∈ Z>0 and dimV±α1 = 1,
dimVkα
1
= 0 for any 0,±1 , k ∈ Z. Furthermore, dimVβn = 0, 1 for any β in MV,H with
n ≥ (β,β)
2
> n − 1.
Those theorems assert that the existence of non-zero vectors in Vαn for α ∈ MV,H and
n ∈ Z with 1 > n − α2/2 ≥ 0 is very important. It determines the maximal lattice and the
existence of affine vertex subalgebras.
Examples and applications of those results are studied in subsection 5.2; There, we
compute the maximal lattice for a VOA which is an extension of an affine VOA at positive
integer level, together with the mass of the genus for some c = 24 holomorphic VOAs.
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5.1. Structure of (V, ω,H). Let (V, ω,H) satisfy Assumption (A). In this subsection, we
study the structure of (V, ω,H).
Lemma 5.2. If (V, ω,H) satisfy Assumption (A), then V is a simple vertex algebra and
ker T = C1. In particular, (V,H) is a good VH pair.
Proof. Let I be a non-zero ideal of V . Set Iαn = I ∩ Vαn . Then, I =
⊕
n∈Z,α∈MV,H I
α
n . There
exists α ∈ MV,H and n ∈ Z such that Iαn , 0 and Iαn−k = 0 for any k ≥ 1. Let v ∈ Iαn be a
non-zero vector. Since V is self-dual, there exists v′ ∈ V−αn such that (v, v′) = 1.
Combining L(1)v = 0 and v(2n − 1)v′ ∈ V0
0
= C1, (v, v′) = 1, we have 1 ∈ I. Hence,
I = V . Since v(n)a = 0 for any a ∈ ker T and v ∈ V and n ≥ 0, ker T ⊂ V0
0
= C1. 
Corollary 5.1. For any α, β ∈ MV,H, α + β,−α ∈ MV,H.
Proof. Let α, β ∈ MV,H. Since the invariant bilinear form on V induces a non-degenerate
pairing, Vαn × V−αn → C, we have −α ∈ MV,H. Let v ∈ Vα and w ∈ Vβ be nonzero
elements. Then, according to Lemma 3.3, we have 0 , v(k)w ∈ Vα+β for some k ∈ Z.
Thus, α + β ∈ MV,H. 
According to Remark 3.12 and Lemma 5.2, ΩV,H is a good AH pair andΩ
lat
V,H is a lattice
pair. Set L′V,H = {α ∈ H | Vαα2/2 , 0}. Before proving Theorem 5.3, we show the following
lemma:
Lemma 5.3. For any α ∈ L′
V,H, Ω
α
V,H = V
α
α2/2
.
Proof. Let α ∈ L′
V,H and v ∈ Vαα2/2 be a nonzero element. By (A4), h(n)v = 0 and
h(0)v = (α, h)v and L(n)v = 0 for any n ≥ 1 and h ∈ H. It suffices to show that ωH(0)v =
v(−2)1. Since the invariant bilinear form on V induces a non-degenerate pairing on Vαn ×
V−αn → C, there exists v′ ∈ V−αα2/2 such that (v, v′) = (−1)α
2/2+1. By the invariance, −1 =
(v, v′)(−1)α2/2 = (1, v((α, α) − 1)v′). Since v((α, α) − 1)v′ ∈ V0
0
= C1, we have v((α, α) −
1)v′ = 1. Since v((α, α) − 2)v′ ∈ V0
1
= H and (h, v((α, α) − 2)v′) = (−1)(1, h(1)v((α, α) −
2)v′ = (−1)(h, α)(1, v((α, α) − 1)v′) = (h, α), we have v((α, α) − 2)v′ = α.
Since v′((α, α) + k)v ∈ V0−k−1 = 0 and v(−(α, α) + k)v ∈ V2α2(α,α)−k−1 = 0 for any k ≥ 0, by
applying the Borcherds identity with (p, q, r) = (−(α, α), (α, α) − 1, (α, α) − 2), we have
α(−1)v =
∑
i≥0
(−(α, α)
i
)
(v((α, α) − 2 + i)v′)(−1 − i)v
=
∑
i≥0
(−1)i
(
(α, α) − 2
i
)
(v(−2 − i)v′((α, α) − 1 + i)v − v′(2(α, α) − 3 − i)v(−(α, α) + i))v
= v(−2)1.
Hence, we have Vα
α2/2
⊂ Ωα
V,H. According to Lemma 2.3, dimΩ
α
V,H = 1. Thus, we have
Ω
α
V,H = V
α
α2/2
. 
proof of Theorem 5.3. Let α ∈ LV,H, that is, ΩαV,H,Ω−αV,H , 0. By the above lemma, L′V,H ⊂
LV,H. Thus, it suffices to show that α ∈ L′V,H. Let v ∈ ΩαV,H and v′ ∈ Ω−αV,H be nonzero
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elements. Then, v =
∑
i vi where vi ∈ Vαi . Since h(n)Vi ⊂ Vi−n and TVi ⊂ Vi+1, we have
vi ∈ ΩαV,H. Since dimΩαV,H = 1, we have ΩαV,H ⊂ Vαk and Ω−αV,H ⊂ V−αk′ for some k, k′ ∈ Z.
According to Lemma 3.2, we can assume that 1 = v((α, α) − 1)v′ ∈ Ω0
V,H = C1. Since
v((α, α) − 1)v′ ∈ Vk+k′−(α,α) and k, k′ ≥ α2/2, we have k = k′ = α2/2. Thus, α ∈ L′V,H. 
In particular, we prove that (α, β) ∈ Z and (α, α) ∈ 2Z for any α, β ∈ L′
V,H. Recall that
MV,H = {α ∈ H | Vαn , 0 for some n ∈ Z}. Let α ∈ LV,H such that α2 , 0. Then, V±αα2/2
generates the lattice vertex algebra VZα and V is a direct sum of irreducible VZα-modules.
Hence, we have:
Corollary 5.2. Let α ∈ LV,H such that α2 , 0. Then, (α, β) ∈ Z for any β ∈ MV,H.
Set L∨V,H = {α ∈ H | (α, β) ∈ Z for any β ∈ LV,H}.
Corollary 5.3. If LV,H is non-degenerate, then MV,H ⊂ L∨V,H.
We will use the following lemma:
Lemma 5.4. Suppose that LV,H is positive-definite and spans H. Then, V is a VOA (of
CFT type) and MV,H is a subgroup of L
∨
V,H.
Proof. Since LV,H is non-degenerate and spans H, MV,H ⊂ L∗V ⊂ spanRLV,H, which implies
thatMV,H is positive-definite. If 0 , α ∈ MV,H, Vαn = 0 for any n ≤ 0. Hence, V =
⊕
n≥0 Vn
and V0 = C1. Since {α ∈ MV,H | α2 < n} is a finite set for any n > 0, dimVn is finite. 
Now, we will show Theorem 5.4:
proof of Theorem 5.4. Let 0 , e ∈ Vα
1
and f ∈ V−α
1
such that (e, f ) = 1. Since α2 > 0,
L(n)e ∈ Vα
1−n = 0 for any n ≥ 1. Since e(0) f ∈ V01 = H and (h, e(0) f ) = (h, α)(e, f ) =
(h, α), we have e(0) f = α. Since V2α−n = 0 for any n ≥ 0, according to the skew-symmetry
of vertex algebras, we have e(0)e = −e(0)e+Te(1)e+ · · · = −e(0)e. Thus, {e, 2
α2
f , 2
α2
α} is a
sl2-triple under the 0-th product. Similarly, we have e(n)e = f (n) f = 0, h(n)e = h(n) f = 0
for any n ≥ 1. Since 1 = (e, f ) = −(1, e(1) f ), we have e(1) f = 1. Thus, {e, 2
α2
f , α}
generates an affine vertex algebra W of level k = 2/(α, α). Since e(−1)n1 ∈ Vnαn = 0 for
any n2α2 > n, W is isomorphic to the simple affine vertex algebra Lsl2(k, 0) and the level
k is a positive integer. We will show that dimV−α
1
= 1. Let f ′ ∈ V−α
1
such that (e, f ′) = 0.
Then, e(0) f ′ = 0 follows from the computation presented above. Since V±nα
1
= 0 for
sufficiently large n, f (0)n f ′ = 0. Hence, f ′ = 0 follows from the representation theory
of the Lie algebra sl2. Hence, dimV
−α
1
= 1. Since dimV±α
1
= 1, for any k ∈ Z with
k , ±1, 0, dimVkα
1
= 0 follows from the representation theory of the Lie algebra sl2
again. Finally, suppose V
β
n , 0 for β in MV,H with n ≥ (β,β)2 > n − 1. Then, by Lemma
5.7, V ⊗ VII1,1 satisfy Assumption (A). Let γ ∈ II1,1 such that (γ,γ)2 = −n + 1. Since
0 , V
β
n ⊗VII1,1γ−n+1 ⊂ (V ⊗VII1,1)(β,γ)1 and 1 ≥ ((β,γ),(β,γ))2 =
(β,β)
2
+
(γ,γ)
2
> 0, by the above result,
we have dim(V ⊗ VII1,1)(β,γ)1 = 1. Thus, dimV
β
n = 1. 
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For α ∈ MV,H with α2 > 0 and Vα1 , 0, define rα : H → H by
rα(h) = h − 2
(h, α)
α2
α,
and set
r˜α = exp(
2
α2
f (0)) exp(−e(0)) exp( 2
α2
f (0)),
where e and f is the same in the proof of Theorem 5.4. The following lemma follows
from the representation theory of the Lie algebra sl2 and Theorem 5.4:
Lemma 5.5. For α ∈ MV,H with α2 > 0 and Vα1 , 0, r˜α is a vertex algebra automorphism
of V satisfying the following conditions:
(1) r˜α(ω) = ω;
(2) r˜α(H) = H;
(3) r˜α|H = rα.
In particular, the reflection rα is an automorphism of the maximal lattice LV,H.
Lemma 5.6. If α2 > 0 and Vα
1
, 0, then 2
α2
α ∈ LV .
Proof. Let e ∈ Vα
1
be a nonzero element and set k = 2/α2. According to the representation
theory of the Lie algebra sl2, 0 , e(−1)k1 ∈ Vkαk . Since (kα)2/2 = k, we have kα ∈ LV . 
We end this subsection 5.1 by mentioning a generalization of the theory of genera of
VH pairs to the triples (V, ω,H). The results in Section 4 are also valid for the triple
(V, ω,H) with minor changes.
Lemma 5.7. Let (V, ωV ,HV) and (W, ωW ,HW) satisfy Assumption (A). Then, (V ⊗W, ωV +
ωW ,HV ⊕ HW) satisfy Assumption (A).
Proof. Let α ∈ HV and α′ ∈ HW . Then, (V ⊗ W)(α,α
′)
n =
⊕
n=k+k′ V
α
k
⊗ Wα′
k′ . Hence,
Definition (A1), . . . , (A6) is easy to verify. Since (V ⊗W)(α,α′)n is finite dimensional, (V ⊗
W)∗
HV⊕HW  V
∗
HV
⊗W∗
HW
 V ⊗W. 
The following lemma is clear from the definition:
Proposition 5.1. Let L be a non-degenerate even lattice and VL the lattice conformal
vertex algebra. Set HL = L ⊗Z C ⊂ (VL)1. Then, (VL, ωHL,HL) satisfy Assumption (A).
Results in Section 4 are obtained as follows. Hereafter, we assume that any triple
(V, ω,H) satisfy Assumption (A). By Lemma 5.7, the category of triples (V, ω,H) forms
a symmetric monoidal category, where a morphism from (V, ωV ,HV) to (W, ωW ,HW) is
a vertex algebra homomorphism f : V → W such that f (ωV) = ωW and f (HV) = HW .
We also remark that Lemma 4.6 can be generalized to triples (V, ω,H). Hence, we can
define a genus of (V, ω,H) similarly to Section 4. More precisely, triples (V, ωV ,HV)
and (W, ωW ,HW) are in the same genus if there exists a vertex algebra isomorphism
f : V ⊗ VII1,1 → W ⊗ VII1,1 such that f (ωV⊗VII1,1 ) = ωW⊗VII1,1 and f (HV⊗VII1,1 ) = HW⊗VII1,1 .
Denote by genus(V, ωV ,HV) the genus of (V, ωV ,HV). Denote by G(V,ωV ,HV) the image of
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automorphisms f ∈ Aut (V) such that f (ωV) = ωV and f (HV) = HV in Aut LV,HV . If LV
is positive-definite and [Aut L˜V : G(V˜ ,ω˜),HV˜ ] is finite, then the mass of genus(V, ωV ,HV) is
defined to be
mass(V, ωV ,HV) =
∑
(V ′,ω′′
V
,HV′ )∈genus(V,ωV ,HV)
1
|G(V ′,ω′V′ ,HV′ )|
.
Then, we have:
Theorem 5.5. mass(LV )[Aut L˜V : G(V˜ ,ω˜),HV˜ ] = mass(V, ωV ,HV).
We remark on the genus of VOAs. Let V be a VOA. Assume that two Heisenberg
subspaces H and H′ satisfy Assumption (A). Then, H and H′ are split Cartan subalger-
bas of Lie algebra V1. Hence, there exists a1, . . . , ak ∈ V1 such that f (H) = H′, where
f = exp(a1(0)) · · · exp(an(0)) (see, for example, [Hu]). Since exp(ai(0)) is a VOA auto-
morphism of V , we have:
Lemma 5.8. All Heisenberg subspace of a VOA which satisfy Assumption (A) are conju-
gate under the VOA automorphism group.
The lemma asserts that the genus of a VOA is independent of the choice of a Heisenberg
subspace H.
Similarly to the proof of Lemma 5.4 and according to Theorem 4.1, we have:
Lemma 5.9. Let (V, ω,H) satisfy Assumption (A). Suppose that LV,H is positive-definite
and spans H. Then, all conformal vertex algebras in genus(V, ω,HV) are VOAs.
5.2. Application to extensions of affine VOAs. In this subsection, we prove that many
important conformal vertex algebras satisfy Assumption (A) and study the maximal lattice
for those vertex algebras.
The following Proposition follows from Theorem 5.2:
Proposition 5.2. Let (V, ω) be a conformal vertex algebra. Then, (V, ω, 0) satisfy Assump-
tion (A) if and only if V is a simple self-dual VOA with V1 = 0.
In order to prove extensions of a simple affine VOAs at positive integer level satisfy
Assumption (A), we recall some results on simple affine VOA at positive integer level.
Let g be a simple Lie algebra and h a Cartan subalgebra and ∆ the root system of g.
Let Qg the sublattice of the weight lattice spanned by long roots and {α1, . . . , αl} a set of
simple roots. Let θ be the highest root and a1, . . . , al integers satisfying θ =
∑l
i=1 aiαi. Let
〈, 〉 be an invariant bilinear form on g, which we normalize by 〈θ, θ〉 = 2.
The following lemma easily follows:
Lemma 5.10. The sublattice Qg ⊂ h is generated by { 2α2α | α ∈ ∆}. If g is An,Dn, En (resp.
Bn,Cn, F4,G2), then Qg is isomorphic to the root lattice (resp. Dn, A
n
1
, D4, A2).
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Let Lg(k, 0) denote the simple affine VOA of level k ∈ C associated with g [FZ]. Then,
the VOA Lg(k, 0) is completely reducible if and only if k is a non-negative integer [FZ,
DLM]. We assume that k is a positive integer.
Suppose that a dominant weight λ of g satisfies 〈θ, λ〉 ≤ k. Then, the highest weight
module Lg(k, λ) is an irreducible module of Lg(k, 0). Conversely, any irreducible module
of Lg(k, 0) is isomorphic to the module of this form. Let P
+
g,k be the set of all dominant
weights λ satisfying 〈θ, λ〉 ≤ k. For α ∈ h and n ∈ Z, set Lg(k, λ)αn = {v ∈ Lg(k, λ) | h(0)v =
〈h, α〉v and L(0)v = nv for any h ∈ h}. Then, Lg(k, λ) =
⊕
α∈h,n∈Z Lg(k, λ)
α
n . Set Ig =
{0} ∪ {Λi | ai = 1 and i ∈ {1, . . . , n}}, where {Λi}i∈{1,...,n} is the fundamental weights of
{g, α1, . . . , αl}. The following lemma follows from [DR]:
Lemma 5.11. Let λ ∈ P+
g,k. If Lg(k, λ)
α
n , 0, then n ≥ 〈α, α〉/2k and the equality holds if
and only if λ ∈ kIg and α ∈ λ + kQg.
Remark 5.2. Non-zero weights in Ig is called cominimal and Lg(k, kλ) is known to be a
simple current for λ ∈ Ig (see [Li2, Proposition 3.5]). In fact, Ig form a group by the fusion
product. Let Rg be a root lattice of g and R
∨
g the dual lattice of the root lattice. Then, there
is a natural group isomorphism between Ig and R
∨
g /Rg.
According to Lemma 5.11, we have:
Proposition 5.3. Let (V, ω) be a VOA. If Lg(k, 0) is a subVOA of V and V1 = Lg(k, 0)1 = g,
then (V, ω,H) satisfy Assumption (A), where H is a Cartan subalgebra of g = V1.
Combining Lemma 5.11 with Theorem 5.3, we have:
Corollary 5.4. For k ∈ Z>0 and simple Lie algebra g, the maximal lattice of the simple
affine VOA Lg(k, 0) is
√
kQg.
Remark 5.3. This corollary implies that a level one simple affine vertex algebra associ-
ated with a simply-raced simple Lie algebra is isomorphic to the lattice vertex algebra.
Herein, we concentrate on the case that a VOA (V, ω) is an extension of affine VOA at
positive integer level. Let (V, ω) be a VOA and gi be a finite dimensional semisimple Lie
algebra and ki ∈ Z>0 for i = 1, . . . ,N. Set g =
⊕N
i=1
gi and let H be a Cartan subalgebra
of g. Assume that
⊗N
i=1
Lgi(ki, 0) is a subVOA of (V, ω) such that V1 = g. Then, it is clear
that (V, ω,H) satisfy Assumption (A). We will describe the maximal lattice of (V,H) by
Lemma 5.11.
We simply write Lg(~k, ~λ) for
⊗N
i=1
Lgi(ki, λi), where ~λ = (λ1, . . . , λN) ∈ P =
⊕N
i=1
P+
gi ,k
.
Since Lg(~k, 0) is completely reducible, V =
⊕
~λ∈P Lg(
~k, ~λ)n~λ , where n~λ ∈ Z≥0 is the multi-
plicity of the module Lg(~k, ~λ). Let QV be a sublattice of H generated by
⊕N
i=1
√
kiQgi and
all 1√
k
~λ satisfying the following conditions:
(1) (λ1, . . . , λN) ∈ P;
(2) n~λ > 0;
(3) λi ∈ kiIgi for any i = 1, . . . ,N.
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Then, we have:
Proposition 5.4. The maximal lattice LV,H is equal to QV .
Wewill consider two examples whose genera are non-trivial. Set A
g,~k =
⊕N
i=1
Igi , which
is a group by Remark 5.2. Consider the quadratic form on A
g,~k defined by
A
g,~k → Q/Z, ~λ 7→
1
2
N∑
i=1
ki(λi, λi),
for ~λ ∈ Ag,k. A subgroup N ⊂ Ag,~k is called isotropic if the square norm of any vector in N
is zero. Let N be an isotropic subgroup of A
g,~k.
Set
Lg(~k,N) =
⊕
~λ∈N
Lg(~k, k~λ).
Then, by [Ca, Theorem 3.2.14], Lg(~k,N) inherits a unique simple vertex operator alge-
bra structure. The assumption of the evenness in the theorem follows from the fact that
Lg(~k, 0) is unitary [CKL].
Proposition 5.5. The maximal lattice of Lg(~k,N) is generated by
⊕N
i=1
√
kiQgi and N.
For example, the maximal lattice of LB12(2, 0) is
√
2D12, where D12 is a root lattice
of type D12. The genus(
√
2D12) = II12,0(2
−10
II
4−2
II
) (see Section 1.2) contains two isomor-
phism classes of lattices,
√
2D12 and
√
2E8D4. Hence, the genus of a VOA genus(LB12(2, 0))
contains at least two non-isomorphic VOAs.
Hereafter, we give another example for which we can completely determine the genus
of VOAs. We first recall c = 24 holomorphic VOAs. For a VOA V , the 0-th product
gives a Lie algebra structure on V1. A rank of a finite dimensional Lie algebra is the
dimension of a Cartan subalgebra of the Lie algebra. The following theorem was proved
in [DM1, Sc, EMS, DM2]:
Theorem 5.6. Let V be a holomorphic c = 24 VOA. Then, the Lie algebra V1 is reductive,
and exactly one of the following holds:
(1) V1 = 0;
(2) V1 is abelian of rank 24 and V is isomorphic to the lattice VOA of the Leech
lattice;
(3) V1 is one of 69 semisimple Lie algebras listed in the table below.
Furthermore, if V1 , 0, then the vertex subalgerba generated by V1
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rank Lie algebra
24 U(1)24, (D4,1)
6, (A7,1)
2(D5,1)
2, (A1,1)
24, (A3,1)
8, (A4,1)
6, (A6,1)
4, (A8,1)
3, (D6,1)
4
(E6,1)
4, A11,1D7,1E6,1, (A12,1)
2, A15,1D9,1,D10,1(E7,1)
2, A17,1E7,1, (D12,1)
2, A24,1
(E8,1)
3,D16,1E8,1, (A5,1)
4D4,1, (A9,1)
2D6,1, (D8,1)
3,D24,1, A
12
2,1
16 (A3,2)
4(A1,1)
4, (D4,2)
2(C2,1)
4, (A5,2)
2C2,1(A2,1)
2, (D5,2)
2(A3,1)
2, A7,2(C3,1)
2A3,1
(C4,1)
4,D6,2C4,1(B3,1)
2, A9,2A4,1B3,1, E6,2C5,1A5,1,C10,1B6,1, E8,2B8,1
D8,2(B4,1)
2, (C6,1)
2B4,1,D9,2A7,1,C8,1(F4,1)
2, E7,2B5,1F4,1, A
16
1,2
12 (A1,4)
12, B12,2, (B6,2)
2, B4,2)
3, (B3,2)
4, (B2,2)
6, A8,2F4,2,C4,2(A4,2)
2,D4,4(A2,2)
4
12 (A2,3)
6, E7,3A5,1, A5,3D4,3(A1,1)
3, A8,3(A2,1)
2, E6,3(G2,1)
3,D7,3A3,1G2,1
10 A7,4(A1,1)
3,D5,4C3,2(A1,1)
2, E6,4C2,1A2,1,C7,2A3,1
8 A2
4,5
,D6,5(A1,1)
2
8 A5,6C2,3A1,2,C5,3G2,2A1,1
6 A6,7
6 F4,6A2,2,D4,12A2,6
6 D5,8A1,2
4 C4,10
For a Lie algebra g listed above, let Vholg denote a holomorphic VOA whose Lie algebra
is g. Recently, the existence and uniqueness of those holomorphic VOAs are proved
except for the case that V1 = 0. In this paper, we will use the following result:
Theorem 5.7 ([LS2, LS1]). There exists a unique holomorphic VOA of central charge 24
whose Lie algebra is E8,2B8,1.
According to Theorem 5.6 and Proposition 5.2 and Proposition 5.3, we have:
Corollary 5.5. Any c = 24 holomorphic VOA satisfy Assumption (A).
The following lemma follows from Theorem 4.1:
Lemma 5.12. Let (V, ω,H) be a c = l holomoprhic conformal vertex algebra satisfying
Assumption (A). Then, any W ∈ genus(V, ω,H) is a c = l holomorphic conformal vertex
algebra satisfying Assumption (A).
Since the maximal lattice of c = 24 holomoprhic VOA is positive-definite, we have:
Proposition 5.6. If (V, ω) is a c = 24 holomoprhic VOA, then all conformal vertex alge-
bras in genus(V, ω) are c = 24 holomorphic VOAs.
The above proposition gives us a effective method to construct holomorphic VOAs.
In the rest of this paper, we calculate the mass of the VOA Vhol
E8,2B8,1
in Theorem 5.7. By
Proposition 5.4, the maximal lattice of Vhol
E8,2B8,1
is
√
2E8D8 and its genus is II16,0(2
+10
II
).
Since II16,0(2
+10
II
) contains 17 isomorphism classes of lattices, by lemma 5.6 and Theorem
5.5, there exists at least 17 c = 24 holomorphic VOAs whose maximal lattices are in
II16,0(2
+10
II
).
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The following lemma follows from Lemma 5.4:
Lemma 5.13. Let (V, ω,H) satisfy Assumption (A). If V is a VOA and V1 is semisimple
Lie algebra, then there is a one-to-one correspondence between norm 2 vectors in LV,H
and long roots of a level 1 component of V1.
Hence, the level 1 components of V1 is determined by the maximal lattice LV,H. Set
Vhol
II17,1(2
+10
II
)
= VholE8,2B8,1 ⊗ VII1,1 ,
and set
II17,1(2
+10
II ) = II1,1 ⊕
√
2E8D8.
We prove the following characterization result for Vhol
II17,1(2
+10
II
)
.
Theorem 5.8. Let (V, ω,H) satisfy the following conditions:
(1) (V, ω,H) satisfy Assumption (A);
(2) (V, ω) is a c = 26 holomorphic conformal vertex algebra;
(3) The maximal lattice of (V,H) is isomorphic to II17,1(2
+10
II
).
Then, (V, ω,H) is isomorphic to Vhol
II17,1(2
+10
II
)
.
Proof. Consider an isomorphism of lattices II17,1(2
+10
II
) and
√
2E8D8 ⊕ II1,1. Similarly
to the proof of Proposition 4.1, let C be the coset vertex algebra correspondence to this
decomposition. The vertex algebra C is a c = 24 holomorphic VOA and its maximal
lattice is
√
2E8D8. According to Theorem 5.6 and Lemma 5.13 and Theorem 5.7, C is
isomorphic to Vhol
E8,2B8,1
as a VOA and also as a VH pair, by Lemma 5.8. Hence, V 
Vhol
E8,2B8,1
⊗ VII1,1 as a conformal vertex algebra and VH pair. 
Lemma 5.14. GVhol
II17,1(2
+
II
10)
= Aut II17,1(2
+10
II
) and #genus(Vhol
E8,2B8,1
) = 17 holds.
Proof. According to Lemma 4.7 and the proof of Theorem 5.8, it suffices to show that
GVhol
E8,2B8,1
⊂ Aut (
√
2E8D8). Clearly, Aut (
√
2E8D8) is a semidirect product of Weyl group
WE8 ×WD8 and the order 2 Dynkin diagram automorphism of D8, which is isomorphic to
the Weyl group WE8 × WB8. According to Lemma 5.5, GVholE8,2B8,1 contains it. Hence, the
assertion holds. 
Let V be a c = 24 holomorphic VOA such that the maximal lattice is contained in
II16,0(2
+10
II
). Since the maximal lattice of V ⊗ VII1,1 is II17,1(2+10II ), according to Theorem
5.8, we have Vhol
II17,1(2
+
II
10)
 V ⊗ VII1,1 . Hence, V is contained in genus(VholE8,2B8,1). According
to Lemma 5.14, we have:
Proposition 5.7. Let V be a c = 24 holomorphic VOA. If the maximal lattice of V is con-
tained in II16,0(2
+10
II
), then V is uniquely determined as a VOA and GV,ω = Aut LV . In par-
ticular, there is a one-to-one correspondence between genus(Vhol
E8,2B8,1
) and genus(
√
2E8D8).
Remark 5.4. The one-to-one correspondence between genus(Vhol
E8,2B8,1
) and genus(
√
2E8D8)
first appeared in [HS1], as it was pointed out in [HS2]. Our approach is motivated by their
results.
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6. Appendix
In this appendix, we will prove Proposition 3.4. Let V be a vertex algebra and set
RV = ker T . For x, y ∈ RV define the product on RV by
x · y = x(−1)y.
It follows easily from the definition of a vertex algebra that RV is a unital commutative
associative C-algebra. In this appendix, we will prove Proposition 3.4.
The following lemma is an easy consequence of the Borcherds identity:
Lemma 6.1. For x ∈ RV , x(n) = 0 for any −1 , n ∈ Z.
Let v,w ∈ V and x ∈ RV . According to the Borcherds identity and the above lemma,
(x(−1)v)(n)w = ∑i≥0 x(−1 − i)v(n + i)w + v(n − 1 − i)x(i)w = x(−1)(v(n)w). Define the
action of RV on V by x · v = x(−1)v for x ∈ RV and v ∈ V . Then, the action is associative,
that is, V is an RV-module. Hence, we have the following lemma:
Lemma 6.2. The map Y : V → EndV[[z±]] is RV-linear, that is, Y(x(−1)a, z) = x(−1)Y(a, z)
for any x ∈ RV and a ∈ V.
proof of Proposition 3.4. Let x be a non-zero vector of RV , v ∈ V and k ∈ Z. Then, for
k ≥ 0,
v(k)x = 0
v(−k − 1)x = T
kv
k!
(−1)x.
Since V is simple, V is spanned by the vectors {v(k)x | v ∈ V and k ∈ Z}. Thus, by the
above equation, there exists y ∈ V such that y(−1)x = 1. Since 0 = T1 = T (y(−1)x) =
T (x(−1)y) = x(−1)Ty and y(−1)x(−1)Ty = (y(−1)x)(−1)Ty = 1(−1)Ty = Ty, we have
y ∈ ker T . Hence, x is invertible in RV , which implies that RV is a field. Finally, suppose
that RV , C1. Since RV is field, C(t), a function field of one variable overC is a subalgebra
of RV , which has uncountable dimension over C. 
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